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Introduction: In 2005, a new structure of 
generalized metric spaces was introduced by Zead 
Mustafa and Brailey Sims as appropriate notion of 
generalized metric space called G-metric spaces see 
[3] as follows. 

Definition 1. [(3)] Let X be a nonempty set, and 
let +→×× RXXXG : , be a function satisfying 
the following properties: 

(G1) ( ) zyxzyxG ===   if  0,, , 

(G2) ( )yxxG ,,0 < ; for all Xyx ∈, , with yx ≠ , 

(G3) ( ) ( )zyxGyxxG ,,,, ≤ , for all Xzyx ∈,, , 
with yz ≠  

(G4) ( ) ( ) ( )xzyGyzxGzyxG ,,,,,, == =…... 
(Symmetry in all three variables), and  

(G5) ( ) ( ) ( )zyaGaaxGzyxG ,,,,,, +≤ , for all

Xazyx ∈,,, , (rectangle inequality). 

Then the function G is called generalized metric, 
or, more specially G-metric on X , and the pair 
( )GX ,  is called a G-metric space. (Throughout 

this paper we denote +R the set of all positive real 
numbers and N the set of all natural numbers). 
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Definition 2. Let ( )GX ,  be a G-metric space, 

let { }nx  be a sequence of points of X , a point 

Xx∈ is said to be the limit of the sequence { }nx  

if ( ) 0,,lim , =∞→ mnmn xxxG , and one say that the 

sequence { }nx  is G-convergent to x . 

     Thus, that if 0→nx in a G-metric space

( )GX , , then for any 0>ε , there exists Nn∈  

such that ( ) ε<mn xxxG ,, , for all ., Nmn ≥
Proposition 1. ([3]) Let ( )GX ,  be a G-metric 
space. Then the following are equivalent. 

( )nx  is G -convergent to x . 

( ) 0,, →xxxG nn , as ∞→n . 

( ) 0,, →xxxG n , as ∞→n . 

( ) 0,, →xxxG nm , as ∞→nm, . 

Definition 3. ([3]) Let ( )GX ,  be a G-metric 

space. A sequence ( )nx  is called G-Cauchy if 

given 0>ε , there is Ν∈N  such that
( ) ε<lmn xxxG ,, , for all Nlmn ≥,, , that is, if 

( ) 0,, →lmn xxxG as .,, ∞→lmn  

Proposition 2. ([3]) If ( )GX ,  be a G-metric 
space, then the following are equivalent. 

1. The sequence ( )nx  is G-Cauchy. 

2. For every 0>ε , there exists Ν∈N  such that
( ) ε<mmn xxxG ,, , for all Nmn ≥,  . 

……………………………………………………………… 
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Definition 4. ([3]) Let ( )GX , and ( )'' ,GX  be 

two G-metric spaces, and let ( ) ( )'' ,,: GXGXf →   

be a function. Then f  is said to be G-continuous 
at a point Xa∈  if and only if given 0>ε , there 
exists 0>δ  such that Xyx ∈, ; and 

( ) δ<yxaG ,, implies ( ) ( ) ( )( ) ε<yfxfafG ,,'

.A function f  is G-continuous on X  if and only 
if it is G-continuous at all Xa∈ . 

Proposition 3. ([3]) Let ( )GX ,  and ( )'' ,GX  
be two G-metric spaces. Then a function 

': XXf → is G-continuous at Xx∈  if and only 
if it is G-sequentially continuous at x ; that is, 
whenever ( )nx  is G-convergent to x we have 

( )( )nxf  is G-convergent to ( )xf . 

Proposition 4. ([3]) Let ( )GX ,  be a G-metric 

space. Then the function ( )zyxG ,,  is jointly 
continuous in all three of its variables. 

Definition 5. ([3]) A G-metric space ( )GX ,  is 
said to be G-complete (or complete G-metric) if 
every G-Cauchy sequence in ( )GX ,  is G-

convergent in ( )GX , . 

Definition 6. ([3]) A G-metric space ( )GX ,  is 
called symmetric G-metric space if 
( ) ( )xxyGyyxG ,,,, =  for all Xyx ∈, . 

The following fixed point theorem for a contractive 
mapping on G-metric space has proved in [2]. 

Theorem 1.1. [2] Let ( )GX ,  be a complete G-
metric space and XXT →: be a mapping 
satisfies the following condition for all Xzyx ∈,,  

    ( ) ( )zyxkGTzTyTxG ,,,, ≤        (1.1)                                                                                    

Where [ ]1 ,0∈k . Then T has a unique fixed point. 

Theorem 1.2. ([2]) Let ( )GX ,  be a complete G-
metric space and XXT →: be a mapping 
satisfies the following condition for all Xyx ∈,  

          ( ) ( )yyxkGTyTyTxG ,,,, ≤                    (1.2)                                                                                   

Where [ ]1 ,0∈k . Then T has a unique fixed 
point.In [2] we showed that a mapping satisfies the 
condition (1.1) will satisfy condition (1.2) when






∈ 1 ,
2
1k , we showed in a counter example that 

condition (1.2) need not imply condition (1.1) (for 
detail see [2]). 

Definition 7. Let ( )GX ,  be a G-metric space 
and T be self mapping on X . Then T  is called 
expansive mapping if there exists a constant 1>a
such that for all Xzyx ∈,, , we have  

           ( ) ( )zyxaGTzTyTxG ,,,, ≥  

Main Results 2: we start our work by 
proving the following theorem: 

Theorem 2.1: Let ( )GX ,  be a complete G-
metric space and let XXT →: be an onto 
mappings satisfies the following condition for all 

Xzyx ∈,,
( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )
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++≥

2
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76

54

321

TxTxzGTzTzxGaTyTyzGTzTzyGa

TxTxyGTyTyxGaTzTzxGa

TyTyyGaTxTxxGazyxGaTzTyTxG

(2.1 

where 17654321 >++++++ aaaaaaa  and

2222 76543 >++++ aaaaa . Then T has a 
unique fixed point. 

Proof: Let Xx ∈0 , since T  is onto there exist

( )0
1

1 xTx −∈ . Continuing in this way, we get a 

sequence { }nx  ,where ( )1
1

−
−∈ nn xTx .If 1−= nn xx  

for some n , we get nx as a fixed point of .T
Assuming 1−≠ nn xx , for every n ,then from (2.1) 

IJSER

http://www.ijser.org/


International Journal of Scientific & Engineering Research, Volume 4, Issue 6, June-2013                                                                    2594 
ISSN 2229-5518 
 

IJSER © 2013 
http://www.ijser.org  

( ) ( )
( ) ( )
( ) ( )
( ) ( )

( ) ( )

( ) ( )




 +

+





 +

+





 +

+

++
+≥

=

+++

+++

+++

+

+−−

2
,,,,

2
,,,,

2
,,,,

,,,,
,,,,

,,,,

111
7

111
6

5

11143

211

111

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

TxTxxGTxTxxGa

TxTxxGTxTxxGa

TxTxxGTxTxxGa

TxTxxGaTxTxxGa
TxTxxGaxxxGa

TxTxTxGxxxG

( ) ( )
( ) ( )
( ) ( )

( ) ( )

( ) ( )




 +

+





 +

+





 +

+

++
+≥

−−+

−−+

−−−−

+−−

−−+

2
,,,,

2
,,,,

2
,,,,
,,,,

,,,,

111
7

111
6

1111
5

14113

11211

nnnnnn

nnnnnn

nnnnnn

nnnnnn

nnnnnn

xxxGxxxGa

xxxGxxxGa

xxxGxxxGa

xxxGaxxxGa
xxxGaxxxGa

 

( ) ( )
( ) ( )

( ) ( ) ( )

( ) ( )




 +

+





 +

++

++
+≥

−−+

−−+
−−

+−−

−−+

2
,,,,

2
,,,,,,

,,,,
,,,,

111
7

111
6115

14113

11211

nnnnnn

nnnnnn
nnn

nnnnnn

nnnnnn

xxxGxxxGa

xxxGxxxGaxxxGa

xxxGaxxxGa
xxxGaxxxGa

( )

( )11
76

532

1
76

41

,,
22

,,
22

−−

+







 +++++







 +++≥

nnn

nnn

xxxGaaaaa

xxxGaaaa

( ) ( ) ( )
( ) ( )1176532

1764111

,,222     
,,22,,2

−−

+−−

+++++
+++≥⇒

nnn

nnnnnn

xxxGaaaaa
xxxGaaaaxxxG

  
( ) ( )
( ) ( )17641

1176532

,,22 
,,2222

+

−−

+++≥
−−−−−⇒

nnn

nnn

xxxGaaaa
xxxGaaaaa

( )11
7641

76532 ,,
22

2222     −−







+++

−−−−−
≤⇒ nnn xxxG

aaaa
aaaaa

( ) ( )111 ,,,, −−+ ≤⇒ nnnnnn xxxkGxxxG  

Where  







+++
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7641
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22
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aaaaak  

Proceeding in this way, we get  

( ) ( )11011 ,,,, xxxGkxxxG n
nnn ≤++  

Then for all nmNmn >∈ ,, , we have  

( ) ( ) ( )
( )
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22111
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So, ( ) 0,,lim →∞→ nnmn xxxG  as ∞→mn,  and 

>< nx  is G-Cauchy sequence. By the 

completeness of ( )GX ,  there exists Xu∈ such 

that >< nx  is G-converges to u  . 

Let ( )uTy 1−∈ . For infinitely many n , uxn ≠ . 
For such n , we have  

( ) ( )TyTyTxGuuxG nn ,,,, 1+=
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Taking limit ∞→n  we get 
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( ) ( ) ( )yuuGaaaaauuyG ,,222,,2 76543 ++++≥⇒
Which is contradiction since 

17654321 >++++++ aaaaaaa .So yu = , 

but yuTy == .Therefore, u is a fixed point of T
.Suppose there is another fixed point v  such that 

vTv = , then  

( ) ( )TvTuTuGvuuG ,,,, =
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 ++≥⇒

( ) ( ) ( ) ( ) ( )vvuGaavuuGaaavvuG ,,,,2,,2 76761 ++++≥⇒
( ) ( ) ( ) ( )vvuGaavuuGaaa ,,,,22 76761 +≥−−−⇒

Implies that   

( ) 0,, =vuuG . So vu =   

Hence T  has a unique fixed point. 

Theorem 3: Let ( )GX ,  be a complete G-metric 

space and gf , be two self mappings on ( )GX ,  
satisfying the following conditions: 

1. ( ) ( )XgXf ⊆                                    (3.1)                                                                                                                        

2. f  or g is continuous                         (3.2)                                                                            

3. 

( ) ( )
( )

( )
( )

( )
( ) ( ) (3.3)  
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α

For every Xzyx ∈,, and 0,, ≥γβα  

with 133 >+ γβ  .Then f and g have a 

unique common fixed point in .X

Provided f and g are weakly compatible 
maps. 

Proof: Let 0x be an arbitrary point in X .By (3.3), 

one can choose a point Xx ∈1 such that

10 gxfx = . In general one can choose 1+nx  such 

that 1+== nnn gxfxy , ........3,2,1,0=n From 
(3.3), we have 
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By the rectangle inequality of G-metric space we 
have 
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[By using proposition (1.6)] 

From (3.4) 

( ) ( ) ( )
( ) ( )nnn

nnnnnn

fxfxfxG
fxfxfxGfxfxfxG

,,22
,,,, 111

γβ
γβ

++
+≥ −++

( ) ( ) ( ) ( )nnnnnn fxfxfxGfxfxfxG ,,,,221 111 −++ +≥−−⇒ γβγβ

( ) ( )
( ) ( )111 ,,221,, ++− 








+
+−

≤⇒ nnnnnn fxfxfxGfxfxfxG
γβ

γβ

( ) ( )111 ,,,, ++− ≤⇒ nnnnnn fxfxfxkGfxfxfxG

Where  ( ) 1221
<

+
+−

=
γβ

γβk    as  ( )133 >+ γβ

Continue in the same way we have  

( ) ( )11011 ,,,, fxfxfxGkfxfxfxG n
nnn ≤++  

Therefore, for all mnNmn <∈ ,, , we have by 
rectangle inequality that  
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Letting ,, ∞→mn we have ( ) .0,,lim =∞→ mmnn yyyG  

Thus { }ny  is a G-Cauchy sequence in X  . Since 

( )GX ,  is complete G-metric space, therefore there 

exists a point Xz∈ such that
.limlimlim 1 zgxfxy nnnnnn === +∞→∞→∞→

Since the mappings f or g is continuous, 

therefore gzggxgfx nnnn == ∞→∞→ limlim
.Further f and g are compatible, therefore 

( ) .0,,lim =∞→ nnnn gfxgfxfgxG Implies

gzfgxnn =∞→lim , from (3.3) we have 
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Proceeding limit as ∞→n , we have zgz = .This 
implies z is fixed point of g .Again from (3.3)  
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( ) ( ) ( )zfzzGfzfzzG ,,,, γβ +≥⇒ Taking limit 

∞→n we have zfz = .This implies z is fixed 
point of .f  
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